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Normal Modes in an Overmoded Circular
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Abstract —The normal modes in an overmoded waveguide coated with a
lossy material are analyzed, particularly for their attenuation properties as
a function of coating material, layer thickness, and frequency. When the
coating material is not too lossy, the low-order modes are highly attenuated
even with a thin layer of coating. This coated guide serves as a mode
suppressor of the low-ordér modes, which can be particularly useful for
reducing the radar cross section (RCS) of a cavity structure such as a jet
engine inlet. When the coating material is very lossy, low-order modes fall
into two distinct groups: highly and lowly attenuated modes. However, as
a /X (a = radius of the cylinder; A = the free-space wavelength) increases,
the separation between these two groups becomes less distinctive. The
attenuation constants of most of the low-order modes become small and
decrease as a function of X/a>.

I. INTRODUCTION

N MANY APPLICATIONS, it is desirable to line the

wall of a conventional circular waveguide by a layer of
dielectric or magnetic material. With proper design, the
lining can significantly alter the modal fields in the wave-
guide, so as to achieve either less attenuation or more
attenuation for certain modes. The past studies of this
problem are mostly connected with microwave/infrared
transmission over a long distance [1}-[5]. Two assumptions
are usually made:

1) The waveguide diameter is very large in terms of
wavelength (overmoded waveguide); and

2) The coating material is either nearly lossless [2]-[4]

or very lossy [5].
These assumptions simplify the theoretical analysis and
oftentimes bring out a clearer physical picture. Neverthe-
less, in many practical situations, these assumptions are
too restrictive. A more general analysis of the coated
circular waveguide is needed.

It is the purpose of this paper to fill in this need. Instead
of using the perturbation theory [2], [3], [5], transmission-
line model [1]-[4], or asymptotic theory [6], we solve the
modal characteristic equation of a coated circular wave-
guide exactly by a numerical method. This is feasible
because of today’s fast computers and efficient subroutines
for calculating Bessel functions with a complex argument.

The organization of the paper is as follows: First, an
overview of the normal modes in a coated circular wave-
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guide in comparison with those in an uncoated waveguide
is presented. In Section III, the exact characteristic equa-
tion for the normal modes in a circular waveguide coated
with a lossy material is given. Three types of normal
modes, i.e., the inner mode, the surface mode, and the
interface mode, are discussed, along with their approxi-
mate solutions. Numerical results and potential applica-
tions are discussed in Section IV.

II. OVERVIEW OF MoDAL FIELDS IN A COATED
CIRCULAR WAVEGUIDE

Before presenting detailed numerical results, it is benefi-
cial to explain some unique features of the coated wave-
guide, which are absent in the conventional uncoated
waveguide. Fig. 1 shows a circular waveguide with a per-
fectly conducting wall, uniformly coated with a material of
permittivity e,e, and permeability p,pu,. Both ¢, and p,
can be complex, with their negative imaginary parts repre-
senting material losses for the present exp (jwt) time
convention. The medium in Region I is assumed to be air,
i.e., permittivity ¢, and permeability p,. Our problem at
hand is to study the normal modes in such a waveguide. In
this section, the coating material is assumed to be lossless.

A. Mode Classification

In an uncoated waveguide, the normal modes are either
TE or TM with respect to z. Here index m describes the
azimuthal variation in the form of sinm¢ or cosméo,
whereas index n describes the radial distribution in the
form of J,(k,,p) or J,(k,,p). In the ascending order of
their cutoff frequencies, the dominant modes are

TEu,TMovTEzl»TMn/TEov *

When the waveguide is coated with a dielectric layer, there
are no longer pure TE or TM modes. The modes are
commonly classified into HE,,, and EH,,, modes in such
a way that, in the limiting case of a vanishingly thin
coating {7]

HE,, — TE and EH,,,—»T™M,,

There exist three special cases where HE,  (EH,,,) be-
comes identically or approximately TE,,,(TM,,,), namely:
(i) Circularly symmetrical modes (m = 0) such as TE,
and TM,,.
(i) All modes at frequencies near their cutoff frequen-
cies [8], [9].

mn?
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Fig. 1. A coated circular waveguide.
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Fig. 2. The cutoff frequencies in a dielectric-coated waveguide (e, =10,
1> =1) normalized to that of the TE,;; mode in an empty guide (£,,) as
a function of coating thickness.

(iii) The low-order modes in an overmoded waveguide
coated with a lossless material, (in this limit HE, A6 —
™,,,, and EH,,, = TE, ).

mn>

B. Cutoff Frequencies

Near the cutoff frequency, the normal mode is either
quasi-TE or TM. In Figs. 2 and 3, we plot the cutoff
frequencies f.’s of the normal modes in a coated circular
guide as a function of layer thickness 7. f, is normalized
with respect to f,,, which is the cutoff frequency of the
dominant TE,; mode in an empty guide of radius a, and is
given by

1.84118¢
© 2mq
where ¢ is the speed of light in free space. Fig. 2 shows the
modal inversion between the TM,, and TE,;, which has
been previously reported [8], [9). However, the modal
inversion between those two modes is not evident if the
coating is of a magnetic material (u,#1) instead of a
dielectric. material (Fig. 3). Coating reduces the cutoff

frequencies of the normal modes, especially for the mag-

netic-coated waveguide. This is due to the fact that, with
coating, the modal field distribution tends to concentrate
near the air-material interface. Note also that the degener-
acy between the TM;; and TE, modes near their cutoff
frequencies is not removed by the dielectric coating (see
Appendix I), but the degeneracy can be removed by the
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Fig. 3. The cutoff frequencies in a magnetic-coated waveguide (u, =10,
€, =1) normalized to that of the TE;; mode in an empty guide ( f.,) as
a function of coating thickness.

magnetic coating. The near degeneracy of the TE; mode
with the TM;; mode in a dielectric-coated guide can cause
a serious problem for a long-distance commuiication
utilizing the lowly attenuating TE,; mode, because there
may be a large mode conversion due to a strong coupling
between these two modes [2]-[4]. The magnetic coating
can be very useful in this application.

C. Modal Propagation Constant and Power Distribution

When the coating thickness is small in terms of the
free-space wavelength (7/A < 1), the modal field distribu-
tion in the air region and the propagation constant are not
much perturbed. As the coating thickness is increased in
the manner

/A > 00,

the low-order modes approach, one by one, their counter-
parts in the parallel-plate waveguide. More precisely, the
HE,,, modes in a coated circular waveguide approach
those modes in a parallel-plate waveguide formed by a
perfect magnetic conductor (PMC) and perfect electric
conductor (PEC) as sketched in Fig. 4(a). The EH,,,
modes approach those modes in a parallel-plate waveguide
formed by two PEC’s as shown in Fig. 4(b).

The propagation constant k, and modal power distribu-

for a fixed value of a

_tion of the dominart HE;; mode. in a guide coated with a

lossless dielectric material (e, =10, p, =1) are shown in
Figs. 5 and 6. When the coating thickness is small (' /X =
/X, <0.05, where A, = A /\/e,p, = wavelength in Region
IT), the transverse wave number k,, in Region I defined by

k= k2 — k2

is real, where k,=2x/A, and both propagation constant
and its power-intensity distribution are very similar to
those of an empty guide. When the coating thickness 7 is
much larger than 0.05A,, k; is imaginary and its magni-
tude approaches kgfe,u,—1. Consequently, the modal
power distribution is largely concentrated in the dielectric
layer (Region II). In Fig. 6, the total power carried by the
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Fig. 4. Mode transition in a coated circular guide at the high-frequency
limit. The HE,,, modes approach modes in a PMC-PEC guide and the
EH,,, approach modes in PEC-PEC guide.

mn

HE,, mode is normalized to 1 W. In case (4) of Fig. 6,
more than 99 percent of the power is confined in the
dielectric layer, despite the fact that the dielectric layer
(1.06 < p/a <1) covers only 12 percent of the waveguide
cross section.

Figs. 7 and 8 are similar to Figs. 5 and 6 except that the
coating material is magnetic (p,=10 and €, =1). It is
most interesting to observe that the transition point where
k, becomes imaginary occurs at a much smaller coating
thickness (7 = 0.05\, in Fig. 5 and 7= 0.005\, in Fig. 7).
Thus, in applications where large field concentration in the
material layer is desired, the magnetic coating is more
effective (more discussion is given in Section 1V).

It is worthwhile to note that the normal mode at the
transition point is not TEM even though the radial wave
number vanishes (see Appendix II). Thus, both the
hybrid-mode method and the techniques for TEM modes
fail to provide the modal fields at the transition point.
Only the direct method, as discussed in Appendix II, is
applicable in this case.

D. Transverse-Field Distribution

The transverse fields of the five lowest-order modes in
an uncoated circular guide and in a coated (dielectric and
magnetic) circular guide at the cutoff frequencies and the
high-frequency limits are shown in Fig. 9. The TE (TM)
modes in a circnlar guide at the cutoff frequencies do not
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Fig. 5. (a) Normalized propagation constant and (b) radial wave num-
ber (k, a) of the HE;; mode in a dielectric-coated waveguide (¢, =10,
#, =1) as a function of the coating thickness in “cffective” wavelength
(7"=m/e;0, /). The power distributions for the four marked points
are shown in Fig. 6. The approximate solution of the surface mode
using the two-slab model is also shown (see Section III).
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Fig. 9. Transverse field distributions of the normal modes in (a) empty
guide, (b) dielectric-coated guide at cutoff frequencies, (¢) magnetic-
coated guide at cutoff frequencies and (d) coated guide at the high-
frequency limit.

have transverse magnetic (electric) fields, which are not
shown in the diagrams. We notice that the nonvanishing
fields at the cutoff frequencies are similar to those in an
uncoated guide. At high frequency, the fields are confined
within the coated region, as shown in the diagrams where
the blank space indicates that the fields are negligible.

III. MobpAL CHARACTERISTIC EQUATIONS, FIELDS,

AND CLASSIFICATION

The general problem is shown in Fig. 1. Here both the
permittivity e,e, and permeability p,p, of the coating
material are allowed to be complex. The' characteristic
equation for the propagation constant k, of a normal
mode is well known [10], [11], and we list the final expres-
sion, which is solved numerically using Miiller’s method
(available in International Mathematical Statistical

Libraries subroutines)

Fi(a)Fi(a) ky

k;?l Fll(a)—'ez F3(a) k

p2

() p OV by

Fig. 8. Normalized angle-averaged power distribution in watts/ N asa
function of radial distance in a magnetic-coated waveguide (p, =10,
€, =1) with four different coating thicknesses. The corresponding points
for these diagrams are marked in Fig. 7 (7= m/e;p, /A).

F,(a)

~ m /o) (@)1= (ki /)] =0 (12)
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where

ki +k:=k}

ks + k2 =eyp,k5 (1c)
Fy(p) =J,(kap), Fi(p)=J,(kap) (1d)
Fy(p) = 1, (ky2p) Ny (Kpob) = N, (Ky2p) (K pob)  (Le)
Fi(p) = Jrln(kpZP)Nm(kpr)_ Ni’n(kp2p)']m(kp2b) (1£)
Fy(p)= Jm(kpZP)ern(kpr) - Nm(kp2p)‘]r:1(k02b) (1g)
F;(p) = J,,(ky2p) N, (K 2b) = Ny, (K20 ) T (Kpob). (1h)

Here k,, and k,, are the radial wave vectors of regions I
and II, respectively; w is the angular frequency; k,=
27/\; and a and b are the radii of the air region and the
conducting cylinder, respectively. J, is the Bessel function
and N, is the Neumann function of order m. The prime
indicates differentiation with respect to argument. The
modal fields are given by

(1b)

E/=~[(4k,/ko)Fi(0)+(Bm/k,p) Fi(p)] cosm
(2a)

El'= - [(Ck,/k;)) Fy(p)+(Dm/k,,p) Fy(p)] cos me
(2b)

E] = [{Ak,m/(kok,p)} Fi(p)+ BF{(p)]sinm¢ (2c)
EJ' = [{Ck,m/(kyk,20)} Fy(p) + DF;(p)] sinmg (24)
E!=— j(Ak,\/ko)Fy(p)cosmé (2¢)
El'= - j(Ck,,/k,) F,(p)cosme (2f)
H] = = Y,[(Am /k 1p) Fy(p) + (Bk, /ko) Fi(p)] sin m

(28)
H)'= = Y,[(Cm /k,,p) F(p) +(Dk, /k,) Fi(p)] sin mgs

(2n)
HI ==Y, [ AF(p)+ { Bk,m /(kok,1p)} Fy(p)] cos mo

(2i)

HJ'= =Y, [CF;(p)+{Dk,m/(kyk,5p) ) Fy(p)] cos mo

(2i)
(2k)
(21)

The convention of exp[j(wt— k,z)] is understood and
omitted; superscripts I and II indicate Regions I and II
(Fig. 1), and subscripts p, ¢, and z indicate the radial,
angular, and propagation-directional components of the
fields, respectively; k, =e,p, ko; and ¥ is the free-space
admittance, €, /p, and Y, =Yy/e,/n,. 4, B, C, and D
are the constants, which are determined by the boundary
conditions and the normalization requirement. Those con-

H]=~ jYO(kal/kO)Fl(p)Sin me
Hl'=~ jY,(Dk,,/k,)F,(p)sin m¢.
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stants are related by
C=AVGZIU'ZkplFl(a)/[kp2F3(a)] (3)

D = By,k, Fy(a)/[k,,Fy(a)] (4)
kokpla[F{(a)/Fl(a) - €2kplFé(a)/{ kp2F3(a)}]
kom|1= (K, /Ky

(m#0) (5)

B
in

B
5
Equation (5) can also be written as
kok 0 [F{(a)/Fl(a) - NzkplFa;(“)/{kpzﬂ(a’)}]
kom|1- (k1 /k,2)’]

(m+0) (6)

<1 for “quasi” TM modes).

A
3=

5

and the elimination of 4 and B from (5) and (6) gives the
characteristic equation (1). There is no mode coupling
between the TE and TM modes for m=0. Thus, 4=0
and B =1 for the TM,, modes, and 4=1 and B=0 for
the TE,, modes. We note that there are two degenerate
modes for each angular mode index m except m=0. In
the above expression of the fields, we have arbitrarily
chosen one of those two modes.

There are three types of normal modes in an overmoded
waveguide coated with a lossy material. The properties of
these modes are explained below along with the approxi-
mate propagation constants and field distributions.

<1 for “quasi” TE modes)

A. Inner Mode

When the coating material is sufficiently lossy and a /A
is large, most of the low-order modes become inner modes.
The field distributions of these modes are mostly confined
in the air region. In the limit as a /A becomes infinite, the
characteristic equation is simplified to

, 2 2
[Fl(a)/Fl(a)] ~(m/x)"=0 (7)
where

X = kpla.

The solutions of this equation are
Jur(x3) =0 for EHYS (®)
Jpi1(x5)=0  for EHMS . (9)
Superscript MS indicates the notation by Marcatili and
Schmeltzer [5]. This superscript is used to distinguish this
notation from the conventional notation. In this case, the
field distributions are also simplified. Equations (6) (or

equivalent (5)) in this limit becomes

A/B=+1  for EH}S

A/B=-1  for EHMS

(10)
(11)
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and the modal fields in the air region are given by
E,=— BJ,_i(k}p)cosme,  H,=-Y,E, (12a)

E,=BJ, \(k}p)sinme, H,=YE, (12b)
E,=H,=0 for EH} (12¢)
E,=—BJ, . (kyp)cosme,  H,=-Y,E, (13a)
E,=—~BJ, (kyp)sinm,,  H,=Y,E, (13b)
E,=H,=0  for EHMS (13¢c)
where
kiy=x;/a, ko= x/a.

Here x; and x; are given in (8) and (9), respectively, and
B is a constant. The fields in the lossy region are vanish-
ingly small. The field diagrams of the EHMS and EHMS |
modes in the air region are shown in Fig. 2 in [5].

When a /A is large but finite, the attenuation constants
of the normal modes are small and the fields decay very
rapidly from the interface to the lossy layer. In this case,
the asymptotic forms of the Bessel functions can be used
for the field functions in the lossy region. The characteris-
tic function of (1) in this approximation is then simplified

to
[xFj(a)/Fy(a)]*+ jx[xF/(a)/F(a)](k,/k,2)
'(‘2 + I-‘z)' m* — x2€2”’2(kp1/kp2)2 =0 (14)

where x =k, a

Suppose x = x,+ Ax where x, is the solution as a/A
becomes infinite. Taking the first-order terms in k,; /k,,
of the above equation, the attenuation constant is given by

(15a)

where
€r/ Ve, —1  for TM, modes (m=0) (15b)
py/Jeap,—1  for TEy, modes (m=10) (15¢)
"V e a1

for EHMS and EHMS

MS (m+0). (15d)

Here £, is the solution of

Ji(&,,) =0  for TMg, and TE, modes (m = 0)
(15¢)
J,_1(¢,,)=0  for EH}S modes (m # 0) (151)
J,i1(€,,)=0  for EH™S modes (m#0). (15g)

This is almost the same as the result of Marcatili and
Schmelizer except that the coating material is not re-
stricted to a dielectric but can be magnetic as well.

For the first-order approximation of the attenuation
constant with m # 0, we neglected the last term of (14).
Even though this term is of the second order in &, /k,,,
the coefficient |x%,pu,| can be a large number for the
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higher-order modes. Thus we expect that the agreement
between our exact solution and the first-order solution
requires a larger value of a/A for a higher-order mode
(more discussion is given in Section IV).

B. Surface Mode

When the coating material is not lossy enough, some of
the normal modes become surface modes. The fields of
those modes are confined within the thin layer of the
coating and the propagation constants are nearly indepen-
dent of the inner radius a. When a /A is sufficiently large,
the characteristic equation is approximated to

ik 72
[1 N ezjk a cot(kpz'r)“:l— uzj;”—l tan(kpz'r)] -0 (16)

p2 p2

where 7 is the layer thickness, b — a. Assuming |k ;| > k,,
we obtain

[le"zk% - {(" - %)77/7}2]1/2
for TM:*  (17)

[esnk2 ~(nm/ry]” for TRy, (18)
where n=1,2,3,---.

Superscript su indicates the surface mode. The fields in
Region II in this limit can be approximately shown to be

E, =C cosk,,(b—p) (19a)
E, = _jcl(kPZ/kz)SinkpZ(b_p) (19b)
H,=CY,(k,/k,)cosk,,(b—p) (19¢)
E,~H,=H,=0 for TMZ, (194)
E,=D,;sink,,(b-p) (20a)
H = - DY,(k,/ky)sink, (b—p) (20b)
H, =- jD1Y2(kp2/k2) cosk,,(b—p) (20c)
E,=E,=H,=0 for TES" (20d)

where C; and D, are constants. Thus, the TE;, mode can
be approximated by a normal mode between two PEC
slabs and the TM3¥ mode by a normal mode between
PMC and PEC slabs. The correspondence between the
normal modes in a thinly coated waveguide and the surface
modes is not unique but depends on the type of coating
material. When the coating material is lossless, the
HE,, . (EH,,,) modes become TM; (TE:" ) (except m = 0)
as the layer thickness increases. The normal modes with
m = 0 are pure TE or TM as indicated in Section IL

C. Interface Mode

There exists an “interface” mode, which is unique to the
waveguide coated with a lossy material. The interface
mode has large fields near the interface between the air
and lossy regions, and the fields decay exponentially to
both sides of the interface. Since the fields are limited to
the interface region, the attenuation constant is indepen-
dent of the waveguide’s radius. As a /A is sufficiently large
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and the coating material is sufficiently lossy, the character-
istic equation for the interface mode is well-approximated

to .
(1—€2kp1/kp2)(1_y'2kpl/kp2) =0. (21)

The propagation constants are then evaluated to be

kO[(‘Z“ﬂz)/(f%“l)]l/z for TM™®  (22)
T\ kof(m3—eqma) /(3 -1)]Y for TER . (23)
The modal fields are given by
E]=C,exp [jkpl(a - p)] ,
E/=(G/e)exp[~ jkn(p—a)]  (24a)
El=- (kpl/kz)E
EY= (ko /k,)E] (24)
= (Yoko/k,)E],
H;’ = (szz/kz)Ep” for TM® (24¢)
 E/=D,exp [jkpl(a - p)] ,
EJT=D,exp [ ~ jkoo(p— a)] (25a) }
HP’= —(Yok,/ky)E!L,
H)'=—(Yk, /k,) E]] (25b)
H/= (Yokpl/kO)EI9
H!'=(Y,k,,/k,)E)’  for TE™ (25¢)

where all other field components vanish and C, and D,
are constants. Here superscript in indicates the interface
mode. From the above results, we can see that the inter-
face mode is well-approximated to the normal mode on the
surface of a semi-infinite lossy material [12), [13].

There exist two interface modes at most. The fields of
the interface mode decay rapidly to both sides of the
interface. The conditions for the interface mode to exist
are easily recognized from (24) and (25) to be

(26)

Im(kplé) >1

and
~Im(k,,7) >1.

Using the boundary conditions at the interface, (27a) can

be rewritten equivalently as either

— Im(kye,r)>1 - for TM™®

or

- Im(kp-lpzfrb) >1 for TEi“.

Thus for dielectric coating, only TM®® of the two modes
can exist, and only the TE™ mode can be excited in a

waveguide coated with a magnetic material.

(27a) HE,,, EH ,,, HE ,, EHmz, e

(21)

(27¢)
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Fig. 11. Radial wave numbers of the normal modes in a waveguide

coated with a lossless magnetic material (g, =10, €, =1, a /A = 3.33).

IV. NUMERICAL RESULTS AND DISCUSSION

A. Lossless Coating

When the coating material is lossless, the normal modes
in the overmoded coated waveguide become surface
waves as the layer thickness increases, in the order of
(m # 0) and
EHg,HE o, EH gy, HEp, - - - (m = 0) [4]. These features of
the normal modes are shown in Fig. 10 (Fig. 11) for a
dielectric (magnetic) coating, where the radial wave num-
bers are plotted as a function of the layer thickness. The
large imaginary part of a complex radial number indicates
that the modal field shifts to the waveguide wall and the
mode behaves as a surface mode. Note that the HE; in
the magnetic-coated guide becomes a surface mode with a
much thinner coating layer than that in the dielectric-coated
guide. Otherwise, the onset of a new surface mode occurs
around every quarter-wavelength th1ckness as the layer
thickness increases.
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B. Slightly Lossy Coating

Fig. 12 (Fig. 13) shows the radial wave numbers of the
normal modes in a circular guide coated with a slightly
lossy dielectric (magnetic) material. The general trend of
the normal mode with variation of the layer thickness
remains similar to that for the waveguide coated with a
lossless material (Figs. 10 and 11). As shown in Figs. 14
and 15, the mode with a large imaginary part of the
complex radial number of a surface-wave type has a large
attenuation constant. This is due to the fact that the
surface mode has a large field concentration within the
lossy region near the waveguide wall. It is interesting to
note that the HE;, mode in the magnetic-coated guide
acquires a very large attenuation constant with a much
thinner coating layer than that in the dielectric-coated
guide. The higher-order modes also become surface modes
and acquire large attenuation constants only at a much

thicker coating layer.
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Fig. 15. Attenuation constants of the normal modes in a circular wave-
guide coated with a lossy magnetic material (p, =10exp(— j¢,,), ¢, =
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C. Very Lossy Coating

When the coating material becomes very lossy, those
features of the normal modes in the waveguide coated with
a lossless material disappear. In fact, the propagation
constant of the normal mode is independent of the layer
thickness if the lossy layer is thicker than the skin depth of
the normal mode (Figs. 16 and 17). There is a mode
separation between highly attenuated and lowly attenuated
low-order modes. The highly attenuated modes in a dielec-
tric-coated guide are usually lowly attenuated modes in a
magnetic-coated guide and vice versa (Figs. 18 and 19). In
general, the mode separation is less distinctive for higher-
order modes.

When a/A is large and the coating material is lossy
enough, most of the low-order modes are inner modes
which are mainly confined in the air region and the
attenuation constants are small. Marcatili and Schmeltzer
[5] evaluated the attenuation constants using the perturba-
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tion theory under the assumption that a/A is large and
the fields within the lossy region are small (see Section III).
Fig. 20 shows the comparison of the exact solutions with
the approximate solutions by Marcatili and Schmeltzer for
the attenuation constants of the normal modes in a dielec-
tric-coated guide. Here the coating thickness = is fixed
while. a /A is varied. We note that the exact and approxi-
mate solutions are in better agreement at a larger value of

.a/X. The high-order modes usually require a large value of

a/\ for good agreement between the exact and approxi-
mate solutions (see Section III-A). This result indicates

- that the low-order modes become excluded from the lossy

layer near the wall at a smaller value of a/A than do the
high-order modes.

Fig. 21 shows the comparison of the exact and various
approximate solutions for the attenuation constants of the
normal modes in a magnetic-coated circular guide. Most of
the low-order modes become inner modes at a large value
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of a/\ as in the case of the dielectric coating (Fig. 20).
However, certain modes are confined near the wall. The
EH,, mode at a large a/A becomes a surface mode
(Section III-B), whose fields are mainly confined within
the lossy region and have a large attenuation constant. The
exact solution of the attenuation constant is well-
approximated by the solution for the surface mode given
in (17). The existence of the surface mode in a waveguide
coated with a lossy material depends on whether the
characteristic equation (16) has a solution close to the
value for a surface mode (17) or (18). Also note that the
HE,, mode becomes an interface mode (Section III-C)
whose fields are limited to the region near the interface
between the air and lossy material. The attenuation con-
stant of the interface mode is well-approximated by that of
the mode on the surface of a semi-infinite lossy material.
The criteria for the existence of the interface modes in a
coated guide are given in (26) and (27). Thus, the attenua-
tion constant of the interface mode is not as large as that
of the surface mode but much larger than that of the inner
mode (Fig. 21).

In Figs. 20 and 21, the mode names in the parentheses
for the inner modes correspond to the mode names by
Marcatili and Schmeltzer [5], where the ficld diagrams of
those modes are also shown. The surface mode does not
exist when the lossy layer becomes infinitely extended.
However, the interface mode should exist in a hollow lossy
circular guide if the conditions in (26) and (27) are satis-
fied.

D. Mode Suppressor

So far, we have seen that the attenuation properties of
the normal modes in a coated waveguide depend on the
coating material, layer thickness, and frequency. When the
coating material is not very lossy, the attenuation con-
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stants of the normal modes strongly vary with the layer
thickness. Since each mode has its own region where the
mode is significantly attenuated, the coated guide can be
used as a simple mode suppressor [14]. The device will be
especially useful for eliminating low-order modes. Since
low-order modes are mainly responsible for the radar cross
section (RCS) at a small incident angle from a cavity-type
structure, coating the cavity wall with a lossy material will
be effective in reducing the RCS due to the undesirable
interior irradiation from the normal modes in a cavity {15],
{16]. In a practical design, the transition region between
the uncoated and coated sections of the waveguide must be
long enough to prevent any mode conversion [17].

E. CP Antenna

When the coating material is sufficiently lossy and a /A
is large, most of the normal modes become inner modes if
the coating layer is thick enough, i.e., thicker than the skin
depths of the modal fields. Both the magnetic and electric
fields of the inner mode are small near the waveguide wall.
The HE;; mode in the waveguide coated with a lossy
magnetic material becomes an inner mode at a much
smaller value of a/A than that with a lossy dielectric
material. The boundary conditions of the HE,; mode in
this case are similar to those of a corrugated waveguide
[18]-[21]; hence, this waveguide can be used as an alter-
nate to the corrugated waveguide to produce circularly
polarized radiation or reduce the side-lobe level. Even
though the loss of the HE;; mode in the coated waveguide
may be higher than that of a well-designed corrugated
waveguide, the coated waveguide is cheaper to build and
lighter in weight than the corrugated waveguide, as ex-
plained in [22].

V. CONCLUSION

The normal modes in a circular guide coated with a
lossy material are classified and analyzed, emphasizing the
attenuation properties of the normal modes. It is shown
that the coating material should not be too lossy for the
low-order modes to be significantly attenuated. A much
thinner coating layer is required for the attenuation of the
HE,; mode when the coating material is magnetic rather
than dielectric. The coating technique is especially useful
in reducing the radar cross section from a jet engine inlet,
a subject that will be reported by us in a future communi-
cation.

When a/A is large and the coating material is very
lossy, most of the low-order modes become inner modes,
which have small fields within the lossy region and small
attenuation constants. An interesting application of the
HE,; mode in an open-ended waveguide coated with a
very lossy magnetic material is that it can be used for
circularly polarized radiation [22].



LEE ef al.: OVERMODED CIRCULAR WAVEGUIDE

APPENDIX |
DEGENERACY BETWEEN THE CUTOFF FREQUENCIES
oF THE TM,; AND TE;; MODES IN A
DieLECTRIC-COATED CIRCULAR WAVEGUIDE

At the cutoff frequency (k, = 0), the characteristic equa-
tion in (1) becomes
J{(kCMa)[Jl(kcma)Nl(kcmb)
- Nl(kCMZa)Jl(kCMZb)]
- \/5—2/72-’1("0&4“)[Jf(kcma)Nl(kcmb)
- N{(kCMza)Jl(kCMzb)] =0 forTM; (Al-1)

or
Jé(kCEa)[Jo(kCEza)Né(kCEzb)

- NO(kCE2a)J6(kCE2b)]

_mjo(kCEa)[Jé(kCEza)Né(kCEzb)

- N(;(kCE2a)J6(kCE2b)] =0 for TEy (Al-2)
where

kew= _z'cszM’ kema= kCM\/‘z_P‘z_
2

kCE=—E—fCE’ kepy=kegfeap, -

Here f-), and f.; are the cutoff frequencies for the TM,,
and TE,, modes, respectively.

Using the recurrence relations of Bessel functions [23],
the derivative expressions in (Al-1) and (Al-2) can be
eliminated, and we obtain

Jl(kCMa)[JO(kCMZa)Nl(kCMZb)
- N, (kCMZa)J(kCMZb)]
'[m-]o(kczua) (1/\/611— M)/kCMa]
’[Jl(kcma)M(kcmb)
= Ny(kearsa) By (keanb)] = 0

for TM;; (A1-3)

and

Jl(kcE“)[Jo(kCEza)Nl(kCEzb)
- No_(kCEza)J1(kc52b)
- Vﬂz/‘z-’o(kCEa)[Jl(kCEza)Nl(kCEzb)

— Ny(kcpaa) Ji(kcpb)] =0 for TEy,. (Al-4)
When p, =1, the two characteristic equations are identi-
cal, and the cutoff frequencies of the TM;, and TE
modes are the same. On the other hand, when the coating
material is magnetic (g1, #1), the degeneracy of these two
modes at their cutoff frequencies is not present.
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APPENDIX II
FIELDS OF THE NORMAL MODES IN A COATED
CIRCULAR GUIDE WHEN £, = 0 (DIRECT METHOD)

From Maxwell’s equations, we obtain four equations for
the normal modes in a circular guide

VXV XE—-kIE=0 (A2-1a)
v-E=0. (A2-1b)

First consider the case for m # 0. Due to the symmetry of
the problem, we can assume that

E,=R,(p)cos m¢ e ks (A2-2a)
E,=R,(p)sinm¢ e‘/"‘Z’ (A2-2b)
E,=R,(p)cosmepe k7, (A2-2c)

Since k .1 = 0, from the dispersion relation
k,=k,. (A2-3)

Substituting (A2-2) in (A2-1), three linearly independent
equations are obtained

d [ (dRz(p)

e 1

)]~ m?R,(p) =0 (A2-4a)
R.(p)
dp

d
md—p[:r>R4,(/o)]+m2R,,(10)—jko:o2 =0 (A2-4b)

IR (] + MR, (0) - opR.(2) =0. (A240

Solving these coupled equations, the fields in Region I
(m # 0) are given by

E!l=(Cp"*1+ Cyp" 1) cosmo (A2-5a)
El=(Cp"*1 = Cyp" V) sinme (A2-5b)
2(m+1)C
El= #pf" cos mo (A2-5¢)
Jko
2m(m+1)C
Hl=-1, [Clp”'*1 + (_(—k—f—)_l_ - C2) p’”‘l] sin mo
0
(A2-5d)
2m(m+1)C
H]=Y, lClperl - (%l - Cz)p'"‘l]cos meo
0
(A2-5¢)
2(m+1)C,
H!=—-Y,——————p"sinm¢. (A2-51)

Jko
Using (A2-3), the fields in Region II (m # 0) are obtained
from (2)

D,m
Gi(p)+—

G ‘ cos A2-6
k,,p 4(P)] me a)

El—=_ D,
P V€22

m_
E, =

Dym .
——L——G,(p)+ D,Gi(p) sinme  (A2-6b)
Veara kpop
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Dk
E"= 222G (p)cosm¢ (A2-6¢)
Jky
HI'=-Y. Dym ——G,(p)+ == Ds G,(p) ¢ (A2-6d)
=— p p)|sinm
P 2 kpzp ? y€alto

H;'=-Y,| D,Gj(p)+ G,(p) |cosme

D,m
V€2Iu‘2 kp2p

(A2-6¢)
H'= (p)sin mo (A2-6f)
where
Gy(p) = (p2p) (pzb) (kpzp) (kp2b)
(A2-6g)
Gi(p) = I (kp2p) Ny (kp2b) = N, (Ky30) I, (K ,p2b)
(A2-6h)
G(p) J, (kPZP)N/( pr) ( pZP)J,(kﬂb)
(A2-6i)
Gi(p) = J'( pZP)N’(k b) N/( p2p) ( pzb)
(A2-6))

Note that the convention of e/(“*~*0?) is understood and
omitted. Here k,, =e,u, =1k, and Cy, C,, D, and D,
are constants to be determined by imposing the boundary
conditions at the interface between the air and material
regions. These constants are related by

Ga(“)kple

= A2-7
Jear, 2(m+1)a™ (A27a)
Gy(a)
Dy=—\u, /¢, D, (A2-7b)
Gy(a)
DymGy(a)
C,=a’C,— + D,Gi(a){ [ a™ 1. (A2-Tc)

yeako K yna

The coating thickness is determined by the characteristic
equation

(kp2a)2
m-+1

Gi(a)
Ga(a)"?
—m(eyp, +1)=0. (A2-8)

Note that the fields are neither TE nor TM and the fields
in Region I do not show a Bessel-function dependence of
radial distance.

The fields for m = 0 can be similarly shown to be

Gi(a)
G3(a)

+ (kp2a)

JkoCio JCo
El=——p, El'=- —=-0¢; A-9a
o 2 p P €2‘lL2 -1 30(p) ( )
H;=Y,E!, H]'=Ye,E] (A2-9b)

E/=Cyy, E"=CyGy(p) for TM, (A2-9c)
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and
7 JkoDg

_ JkoDro - JDsg
[ 2 o, [

=~ =—=——==Gl(p) (A2-10a)
yeamy —1

H,/Y,, E['=-u,H/Y, (A2-10b)

H]=Dyy, H;"=DyGy(p) for TEy,  (A2-10c)

where Gio(p), Gio(p), Gu(p), and Gi(p) are G(p),
Gi(p), Gu(p), and G;(p) with m =10, respectively. All
other field components vanish, and C,,, Cyy, Dy4, and D,
are constants which are related by

Co=CyGso(a) (A2-11a)
D,y = DyGyo(a). (A2-11b)

The coating thickness for m =0 is determined by the
following characteristic equation:

I__
El=-

2¢,

Gao(“)‘*’W 0(a)=0 for TM,,
(A2-12a)
or
Gola)+ —22_Gi(a)=0  forTE,.
koajespi, —1 "
(A2-12b)

The fields are either TE or TM and the fields in the air
region show a linear dependence of radial distance instead
of the usual Bessel-function dependence in the case of an
uncoated guide.
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